Abstract. In the simulation of a wind turbine, the lowest eigenmodes of the rotor blades are usually used to describe their elastic deformation in the frame of a multibody system. In this paper, a finite element beam model for the rotor blades based on the transfer matrix method is proposed. Both static and kinetic field matrices for the 3D Timoshenko beam element are derived by numerical integration of the differential equations of motion using RUNGE KUTTA 4 th order procedure. The 10 beam reference axis in the general case is at an arbitrary location in the cross section. The inertia term in the motion differential equation is expressed using appropriate shape functions for the Timoshenko beam. The kinetic field matrix is built by numerical integration applied on the approximated inertia term. The beam element stiffness and mass matrices are calculated by simple matrix operations from both field matrices. The system stiffness and mass matrices of the rotor blade model are assembled in the usual finite element manner in a global coordinate system with the accounting for structural twist 15 angle and possibly pre-bending. The program developed for the above calculations and the final solution of the eigenvalue problem is accomplished using MuPAD, a symbolic math toolbox of MATLAB ® . The calculated natural frequencies using generic rotor blade data are compared with the results proposed from FAST and ADAMS software.
Mostly, the first two bending eigenmodes in each (flapwise and edgewise) direction and optionally the two additional torsional eigenmodes are used. The determination of those lowest eigenmodes with sufficient numerical accuracy is the first step for the modal superposition applied to the deformational motion of the rotor blades.
Due to geometrical complexity of the blade cross section profiles and the extended use of composite materials, the exact calculation of natural frequencies in the design process takes a considerable time and financial expense for the 3D modelling 5 of the rotor blade using CAD software. Hence a simplified finite element beam model is necessary. A twisted rotor blade is simplified into a cantilever beam with non-uniform cross section. The structural twist angle is implemented by changing the orientation of the principal axis of the blade cross section along the length of the blade.
In the finite element formulation of beams two linear beam theories are established, the Euler Bernoulli beam model and the Timoshenko beam model. Although the Euler-Bernoulli beam theory is widely used, the Timoshenko beam theory is 10 considered to be better as it incorporates the effects of transverse shear and the rotational inertia on the dynamic response of the beam (Kaya, 2006) . In the classical approach of finite element formulation for the free vibration analysis of beams, the stiffness and mass matrices are derived using interpolation functions derived from second and fourth order Hermite polynomials. The stiffness matrix is derived from the equation (Wu, 2013) :
where, ( ) is the element stiffness matrix, is the strain matrix , is the elasticity matrix for the beam. The element mass matrix of the beam is derived using the equation (Wu, 2013) :
where, ( ) is the element mass matrix, is the mass density, is the volume and is the matrix of interpolation functions. 20
Using the above standard relations and appropriate shape functions for the Euler-Bernoulli beam and Timoshenko beam, the stiffness matrix and consistent mass matrix for the finite beam element can be derived. However, an alternative to this procedure, based on the transfer matrix method for the beam theory, see (Graf & Vassilev, 2006), p.69-88 and (Stanoev, 2007) , will be developed in the present article. The element stiffness matrix can be derived on the basis of numerical integration of the first order ordinary differential equation system for the differential beam element. The associated mass 25 matrix can be developed by numerical integration of the inertia term in the differential equation of motion. The numerical integration results in static and kinetic field matrices, from which the element stiffness and mass matrices can be easily assembled.
In the present article, the above mentioned procedure is used to determine the element stiffness and element mass matrix for the Timoshenko beam. The interpolation functions used for deriving the mass matrix are based on Hermite polynomials 30 according to (Bazoune & Khulief, 2003) . The system stiffness and mass matrices for the rotor blade are assembled in a global coordinate basis in the usual finite element manner. The numerical solution of the associated eigenvalue problem for the system without damping is computed using computer algebra software (in the frame of MATLAB ® ).
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In the section 2 and 3, the proposed method is described in detail and in section 4 the method is applied on a rotor blade structure with 288 DOF. The results for the natural frequencies and the corresponding eigenmodes are compared with the results calculated using FAST and ADAMS software.
2
Theoretical framework for 3-D Timoshenko beam
Kinematic relationships 5
The general assumptions in the linear beam theory are as follows:
a) The beam reference (longitudinal) axis is at any arbitrary location of the cross section. b) Only stresses that occur are normal stresses and shear stresses , .
c) Cross section planes, which are initially normal to the longitudinal axis, will remain plane after deformation. 10
The geometrical representation of the deformation state of a beam cross section is shown in the fig. 1 . The deformations ( , , ), ( , , ) , and ( , , ) at a cross-sectional point ( , , ) are determined by three displacement functions ( ), ( ), ( ) and three cross-sectional rotation angles ( ), ( ) and ( ) -all of them are a function of the beam axis coordinate . The differential equation system is derived in accordance to (Stanoev, 2013) .
From fig. 1 , the displacement vector can be expressed at any cross-section point ( , , ) as: 15 The three components of the strains occurring in the beam can be expressed as the derivatives of the displacement functions , and . The axial strain and the two shear strain components and are given by:
where, and are the constant shear strains which are not neglected in Timoshenko beam theory.
Principle of virtual work for internal forces
The virtual work components for internal forces corresponding to normal stresses and shear stresses are given by: 10
Where, is the axial force, and are bending internal moments, and are the corresponding shear forces, is the St. Venant torsional moment.
With the introduction of the constitutive relations of Hooke's material law for the stresses corresponding to the internal forces in (6) and expressing the strains by Eq. (4), (5) , the virtual work relationship is reformulated as: 15
Wind Energ. is the static moment with respect to the y axis, is the moment of inertia with respect to the z direction, is the moment of inertia with respect to the y direction, is the deviation moment of inertia, is the torsional moment of inertia. 5
After coefficient comparison in the Eq. (6) and (7) the internal forces corresponding to the normal stresses can be expressed by introducing the cross sectional stiffness matrix :
The shear stress component in Eq. (6) and (7) leads to the following relations:
For the special case of the cross section coordinate system coinciding with the principal axes, the deformation relationship in Eq. (8) reduces to:
Differential equation system
The virtual work relation in Eq. (7) is rewritten for the case the beam coordinate system coinciding with the principal axis of the cross section -see Eq. (11): 
The entries in Eq. (13) are determined by inversion of the cross-sectional stiffness matrix in Eq. (8): (13) and (14) resp.) leads to the static field matrix, the integration of the inertia terms in the equations of motion Eq. (16) results in a kinetic field matrix. From the last step of the integration, using both field matrices, the element stiffness and resp. the element mass matrices can be calculated by simple matrix operations.
The differential equations of motion
The differential equations of motion for the differential beam element can be written in a matrix form (Stanoev, 2007) The kinetic part of the motion equation can be expressed using a matrix of interpolation function and nodal acceleration vector as:
Where,
vector with nodal accelerations, ϵ (6×6) is the inertia matrix of the differential beam element (see Sec.3.2).
The inertia matrix term
The inertia matrix in the Eq. (17) 
Where, , , in 4 3 ] are the mass moments of inertia for the cross section:
Shape functions for Timoshenko beam element

15
The acceleration terms ̈1 in Eq. (17) are expressed using the product of Hemite interpolating polynomials and the nodal acceleration vectors ̈( ),̈( ).
Shape functions for axial and torsional deformations ( ) resp. ( ) are derived using first order polynomial as: 
To express the coefficients in terms of the nodal displacements the following relations ( = 0) = , ( = 1) = resp. and for the torsion ( = 0) = , ( = 1) = are applied to Eq. (20):
Substituting Eq. (21) in the Eq. (20) results in the shape function for axial deformation 5
resp. for torsional deformation
Starting point to derive approximation functions for bending deformation in xz -plane are the relationships (10a), (11) and the corresponding part of Eq. (14): 10
Using the above relation the expression for ′ is given by:
The translational deformation function ( ) is approximated by a cubic polynomial function: 
By including Eq. (27) and (26) into Eq. (25) the polynomial expression for ( ) results in:
To determine the coefficients the following boundary conditions are applied:
Wind 
The interpolation functions for ( , , ) and ( , , ), Eq. (26) and (28), can be expressed by employing Eq. (30): 
In Eq. (32), the functions ( = 1, . . ,4) are introduced in an analogous manner.
Similar method is used in determining the approximation functions ( ) and ( ) for bending deformation in xy -plane.
Starting with relations (10b), (11) and (14) 
The approximations analogous to Eq. (31) and (32) can be derived: 
The * -functions developed in Eq. (31), (32) 
Numerical Integration
The special form of the numerical RUNGE-KUTTA 4 th order integration method applied here is described in detail in (Müller & Wolf, 1975) and (Schenk, 2012) . The integration operator is applied to the equations of motion in Eq. (16), i.e. 10 
In order to gain sufficient numerical precision the beam axis needs to be divided into at least 20 integration intervals. The integration operator transfers the known state vector at beginning of the integration interval to the end of the interval. The integration procedure starts with state vector at the first node , i.e. at location ( = 0): After the last integration step at the second node , at location ( = ), static ( ) and kinetic ( ) field matrices are obtained: and ( = ) respectively.
3.5
The element stiffness and mass matrices
By solving the matrix in Eq. (41) for ( ) and ( ), and accounting for the definitions of cutting forces in finite element 15 beam formulation, see fig. 2 ,
one can derive the element stiffness matrix ( ) , element mass matrix ( ) and element forces and moments 0 using simple matrix operations as shown in Eq. (43). Then the beam element relationships for the cutting forces at two nodes can be formulated as: 20 
Single masses at eccentric positions
The numerical integration according to RUNGE-KUTTA, described in Sec. 
where, , resp. and are cutting force resp. moment vectors on left and right side in differential proximity to the point at location (see fig. 4 ), is the eccentric single mass, Θ are the mass moments of inertia of the mass and ̈ are 15 the angular accelerations at location . 
Single masses will usually not appear in a rotor blade model, but the same finite element may be used for modelling of wind turbine towers. In this case single masses within a finite beam element could represent bolted ring flange connections or the 5 mass of any equipment like lifts etc.
4
The eigenvalue problem
The system matrices for a rotor blade beam model are assembled in the usual finite element manner employing the developed element matrices ( ) and ( ) from Eq. (43). In the case of free damped oscillation, the linear homogenous differential equations of motion are given by: 10
where, ϵ ( × ) is the system mass matrix, ϵ ( × ) is the system stiffness matrix, ϵ ( × ) is the system damping matrix and ( ) ϵ ( ×1) is the nodal displacement vector. The system matrices are symmetric and positive definite for finite element structures. For a free undamped system, the matrix for the equation of motion is reduced to:
By introducing the following solution approach which is given by:
into the equation of motion Eq. (47) the eigenvalue problem is obtained:
Where, is a unity matrix. The condition for non-trivial solution for Eq. (49) is given by 20
The n-grade characteristic polynomial ( 0 2 ) has n real solutions 0 , ( = 1, … , ) (eigenfrequencies) and associated n eigenvectors ̂, calculated from Eq. (49). For real life tasks the solution is usually done by use of eigensolver software. The programing code for the procedure described above as for the graphic plots shown below was written in MuPAD, a symbolic math toolbox of MATLAB ® , see (Kusuma Chandrashekhara, 2018) . The code was verified using realistic data for a wind turbine rotor blade. The blade structural data belongs to a 5 MW reference wind turbine designed for offshore development (Jonkman, Butterfield, Musial, & Scott, 2009 ). The blade is of length 63 m divided into 48 beam elements. The 5 blade structural data consists of distributed mass ( ), blade extensional stiffness ( ), flapwise stiffness ( ), edgewise stiffness ( ), torsional stiffness ( ), flapwise mass moment of inertia ( ), edgewise mass moment of inertia ( ). For lack of any shear stiffness data in (Jonkman, Butterfield, Musial, & Scott, 2009 ) the values of ( ) and ( ) -the edgewise resp. flapwise shear stiffness -are estimated as 10 % resp. 20 % of extensional stiffness ( ) . The values of the above mentioned stiffness and mass moment of inertias are specified at span wise locations along the blade pitch axis and 10 about the principal axes of each cross section as oriented by a twist angle (γ) defined in the input data. The twist angle is incorporated by using the rotational transformation of each local element stiffness resp. mass matrices (obtained after numerical integration) into the global coordinate system. The results of first three (flapwise and edgewise) eigenfrequencies calculated using Timoshenko beam model, see (Kusuma Chandrashekhara, 2018) , are compared with the proposed results from FAST and ADAMS (Jonkman, Butterfield, Musial, & Scott, 2009 For the sake of verification, the natural frequencies and associated eigenmodes are calculated using real life rotor blade data 10 with incorporation of realistic twist angle data. The first two edgewise and flapwise eigenfrequencies obtained are compared with the proposed results from FAST and ADAMS software given in (Jonkman, Butterfield, Musial, & Scott, 2009 ). It can be observed that the deviation of the results of Timoshenko beam model from FAST is comparatively lesser and is in good agreement with FAST and thus, it can be stated that the presented approach of alternative finite element formulation works well. 15
One key input parameter for the Timoshenko beam model is the shear stiffness. As far it was not the main goal of the present work to determine an appropriate shear correction coefficient for realistic rotor blade data, the numerical example was performed with a very rough approximation for and . It was used in order to simply demonstrate the performance and differences to the Bernoulli beam model. However, if detailed data for the complex multilayer design of a rotor blade are available, more realistic estimation of the shear stiffness can be expected. A workable method for determination of the shear 20 correction coefficient of a real life rotor blade represents an important topic for further research.
